Electron-impact ionization cross sections for helium are calculated using time-dependent close-coupling theory. The total wave function for the three electron system is expanded in nine dimensions, where three dimensions are represented on a radial lattice and a coupled channels expansion is used to represent the other six dimensions. Collision cross sections are obtained by t → ϱ projection onto fully antisymmetric spatial and spin functions, with care as to orthogonality of different representations. Cross sections are also obtained using time-independent first-and second-order perturbative distorted-wave theory. Total cross sections are calculated at incident energies above the double ionization threshold for electron-impact single ionization leaving He + in the 1s, 2s, and 2p states and for electron-impact double ionization. Both the single ionization cross section, leaving He + in the 1s ground state, and the double ionization cross section are in excellent agreement with previous absolute experimental measurements.
I. INTRODUCTION
A number of nonperturbative theoretical methods have recently been developed that successfully treat two continuum electrons moving in the field of a charged core, that is, Coulomb three-body breakup. The converged close-coupling [1] , the hyperspherical close-coupling [2] , the R-matrix pseudostates [3] , the time-dependent close-coupling [4] , and the exterior complex scaling [5] methods have all obtained total cross sections for the electron-impact ionization of hydrogen that are in excellent agreement with the crossed-beams experiment of Shah et al. [6] . To date these nonperturbative methods [7] [8] [9] have also successfully calculated the wide range of energy and angle differential cross sections found in the electron induced breakup of the hydrogen atom.
In this paper we develop a nonperturbative theoretical method to treat three continuum electrons moving in the field of a charged core, that is, Coulomb four-body breakup. We apply the method to obtain total cross sections for the electron-impact ionization of helium. For single ionization, leaving He + in the 1s ground state, we can compare to previous nonperturbative methods, which freeze one of the K shell electrons [10] [11] [12] , and to absolute experimental measurements [13] [14] [15] . For single ionization, leaving He + in the 2l excited states, we can compare to hybrid calculations [16, 17] , in which the scattered electron is treated by perturbative distorted-wave methods and the inner electrons are treated by a nonperturbative R-matrix method. In the case of single ionization, leaving He + in the 2p excited state, we can also compare to absolute experimental measurements [18, 19] . For double ionization, we can compare to hybrid calculations [20] , in which the scattered electron is treated in the plane-wave Born approximation and the inner electrons are treated using perturbation theory to connect correlated initial and final states, and to absolute experimental measurements [15] . To date the hybrid methods [21] [22] [23] have also been successfully extended to calculate a wide range of energy and angle differential cross sections in the electron ionization with excitation and double ionization of helium.
In this paper a nonperturbative close-coupling method is used to solve for the electron ionization of helium at low total angular momentum. A nine-dimensional wave function is propagated in time according to the Schrodinger equation, with the three radial dimensions represented on a numerical lattice and the six angular dimensions represented by a coupled channels expansion. Collision cross sections are obtained by t → ϱ projection onto fully antisymmetric spatial and spin functions, with care as to orthogonality of different representations. A perturbative distorted-wave method is then used for the electron ionization of helium at all total angular momentum. Total cross sections are obtained by scaling the approximate perturbative results to match the nonperturbative results at low total angular momentum, and then extrapolating the nonperturbative results using the high total angular momentum scaled perturbative results as a guide. Comparisons are then made with other theoretical methods and absolute experimental measurements. The timedependent close-coupling and time-independent distortedwave methods are presented in Sec. II, total single and double ionization cross sections for helium are presented in Sec. III, and a brief summary is found in Sec. IV. Unless otherwise stated, we will use atomic units.
II. THEORY

A. Time-dependent nonperturbative close-coupling method
For electron ionization of a two-electron target atom, the angular reduction of the time-dependent Schrödinger equation for a three electron wave function yields a set of timedependent close-coupled partial differential equations for each L symmetry:
where
͑2͒
and the coupling operators are given in terms of standard 3j and 6j symbols by
͑5͒
The initial condition for the solution of the time-dependent close-coupling equations of Eq. (1) is given by
͑6͒
where the radial wave functions, P ll S ͑r 1 , r 2 ͒, are obtained by relaxation of the Schrodinger equation in imaginary time for a two-electron target atom [24] , and the Gaussian radial wave packet, G k 0 L ͑r 3 ͒, has a propagation energy of k 0 2 / 2. The three-electron close-coupling equations of Eq. (1) are a generalization of the two-electron close-coupling equations used before for electron ionization of one active electron target atoms [25] [26] [27] .
The time-dependent close-coupled equations of Eq. (1) are solved using standard numerical methods to obtain a discrete representation of the radial wave functions and all operators on a three-dimensional lattice. Our specific implementation on massively parallel computers is to partition both the r 2 and r 3 coordinates over the many processors, so-called domain decomposition. At each time step of the solution only those parts of the radial wave functions needed to calculate the second derivatives found in Eq. (2) are passed between the processors.
Probabilities for all the many collision processes possible are obtained by t → ϱ projection onto fully antisymmetric spatial and spin wave functions. As an example, for electron double ionization of the 1 S ground state of helium, the collision probability is given by
, and
A comparable collision probability expression for electron ionization of the 2 S ground state of hydrogen is much simpler, only the sum or difference of the two-electron radial integrals R͑12, t͒ and R͑21, t͒ is needed. In fact, since for two electron systems the spatial and spin wave functions separate, collision probabilities can be easily obtained by projection onto simple products of one-electron radial functions, provided the two electron time-propagated radial wave function is symmetrized for singlet scattering or antisymmetrized for triplet scattering [4] .
The radial wave functions, P kl ͑r͒, are obtained by matrix diagonalization of the radial one electron Hamiltonian:
where V͑r͒ =−Z / r. Care must be taken in the sums over the electron momenta k 1 , k 2 , k 3 found in the collision probability of Eq. (7). When the associated angular momenta are equal, for example l 1 = l 2 , the sums must be restricted to avoid double counting of distinct continuum states. More subtle is the unwanted contribution to the collision probability from the continuum correlation part of the two-electron wave functions. For example, the collision probability of Eq. (7) is nonzero for even the initial radial wave function, (6) . This point has been discussed in detail by McCurdy et al. [28] in a study of the electron double ionization of an s-wave model He atom. Instead of projecting out two-electron bound states from the three electron time-propagated radial wave function and then projecting onto all electron momenta in Eq. (7), we found that a simple restriction of the sums over the electron momenta, so that the conservation of energy,
was approximately conserved, greatly reduced contamination from the continuum piece of the two-electron bound-state wave functions. For example, the electron momenta k i in the sum found in Eq. (7) are chosen if half their squared sum is greater than ͑1−⑀͒͑E atom + k 0 2 /2͒ and less than ͑1+⑀͒͑E atom + k 0 2 /2͒. Tests show that the cross sections are stable for a range of ⑀ around 0.30. In addition, this method of restricted momenta sums should become more accurate as the lattice size increases. We note that the collision probability for electron single ionization of the 1 S ground state of helium leaving the He + ion in an nl bound state is almost identical to Eq. (7). Simply eliminate one of the sums over electron momenta, change one of the P kl ͑r͒ radial wave functions to P nl ͑r͒, calculate the remaining two continuum radial wave functions in a V͑r͒ potential that screens the Coulomb field, and apply the relevant equation for the conservation of energy.
Finally, the electron-impact single or double ionization cross section is given by
͑11͒
Care must also be taken in the sums over the quantum numbers associated with the fully antisymmetric spatial and spin wave functions found in Eq. (11) to avoid double counting.
B. Time-independent perturbative distorted-wave method
From perturbation theory the electron-impact single ionization cross section for helium, leaving He + in the 1s ground state, is given by 
The first-order scattering potential for the transition 1s
͑14͒
where the R ͑n 1 l 1 , n 2 l 2 , n 3 l 3 , n 4 l 4 ͒ are standard radial Slater integrals. The 1s bound orbital is calculated in the HartreeFock approximation [29] , while the k 0 l 0 , k 1 l 1 , and k 2 l 2 continuum orbitals are calculated in a mixture of V N and V N−1 scattering potentials [30] . From perturbation theory the electron-impact single ionization cross section for helium, leaving He + in the 2l excited state, is given by
͑15͒
The second-order scattering potential for the important transition 1s
.
͑17͒
The 1s, 2l, and nl n bound orbitals are hydrogenic, while the k 0 l 0 , k 1 l 1 , k 2 l 2 , and k n l n continuum orbitals are calculated in a V N−1 scattering potential. From perturbation theory the electron-impact double ionization cross section for helium is given by 
͑20͒
The 1s and nl n bound orbitals are hydrogenic, while the k 0 l 0 ,
, and k n l n continuum orbitals are calculated in a V N−2 scattering potential. We note that in both Eqs. (17) and (20) the symbol ͚ k n is shorthand for a sum over all n bound orbitals and an integral over all k n continuum orbitals. The singularity in the denominator in both Eqs. (17) and (20) is handled by standard evaluation of a principal value integration and an imaginary term. The important transition chosen for single ionization with excitation in Eq. (17) and double ionization in Eq. (20) represents the process of single ionization of helium followed by excitation or ionization of He + by the outgoing ejected electron. Certainly, more second-and higher-order processes need to be considered in the scattering potential V fi for a complete perturbative description. For our purposes, as will be seen in the following section, we plan to scale the perturbation theory cross sections to match the nonperturbative theory cross sections at low L, and then extrapolate the nonperturbative results using the high L scaled distorted-wave results as a guide.
III. CROSS-SECTION RESULTS
The electron-impact single and double ionization cross sections for the 1 S ground state of helium were calculated at incident electron energies above the double ionization threshold. A ͑192͒ 3 lattice was employed with each radial direction from 0.0→ 38.4 spanned by a uniform mesh with spacing ⌬r = 0.20. Initially the wave packet of Eq. (6) was centered at r 3 = 20.0 with a coordinate space spread of 6.0. After relaxation to obtain a fully correlated ground state of helium on the lattice, the time-dependent close-coupled equations of Eq. (1) were propagated for up to 6200 time steps to obtain total cross sections from Eq. (11).
Single ionization cross sections are presented in Tables  I-III, while double ionization cross sections are presented in  Table IV . For L = 0, 3 target channels [ss, pp, and dd] were used to obtain the two-electron wave function for the ground state of helium, 11 coupled channels [͑ss͒Ss, ͑sp͒Pp, ͑ps͒Pp, ͑pp͒Ss, ͑sd͒Dd, ͑ds͒Dd, ͑dd͒Ss, ͑pp͒Dd, ͑pd͒Pp, ͑dp͒Pp, and ͑dd͒Dd] were used to propagate the three-electron wavefunction by Eq. (1) Pp will have nonzero overlap with the ͑sp͒Pp, ͑ps͒Pp, and ͑pp͒Ss coupled channels. Increasing the target channels by one to [ss, pp, dd, and f f], the coupled channels to 23, and the determinantal projection functions to 16 had, at most, a 2% effect on the L = 0 single and double ionization cross sections at the three incident energies. Tables I-IV were completed using 3 channels for L = 4, and 87 coupled channels for L = 5. After increasing the target channels to 4, additional calculations were made at 200-eV incident energy involving 51 coupled channels for L = 1, 65 coupled channels for L = 2, and 65 coupled channels for L = 3. Again, only a small change in the L =1,2,3 single and double ionization cross sections was found. Currently, we find ourselves resource limited on checking channel coupling convergence for L = 4 and L =5. However, as a further check on the single ionization cross sections, leaving He + in the 1s ground state, previous frozencore two-dimensional (2D) time-dependent close-coupling results [12] are presented in Table V. Comparing the 3D  results from Table I with the frozen-core 2D results from Table V , we find that the 3D results are usually lower than the frozen-core 2D results. For example, at 200-eV incident energy, the 3D results are lower than the frozen-core 2D results by 13% for L = 0, 11% for L =1, 8% for L =2, 6% for L = 3, 13% for L = 4, and 16% for L = 5. At low L the differences are probably due to the superiority of the full twoelectron target wave function for helium found in the 3D results, while the increasing differences at high L are probably due to the need for more coupled channels. With some uncertainty in the overall accuracy of the L = 4 and L =5 results, we have limited our ionization calculations to the relatively low incident energies presented in the Tables (i.e., less than or equal to 200 eV). Thus, since for low energies the higher partial waves contribute less, the total ionization cross-section accuracy should still be quite good.
To obtain total cross sections, we must extrapolate our time-dependent close-coupling results to large angular momentum L. We show in Figs. 1-3 (14) with unit scaling and are identical to previous results [12] . For single ionization, leaving He + in the 2s excited state, the distorted-wave results are obtained from Eqs. 
where A, L 0 , n, and b are varied to provide the best agreement, according to least squares criterion, between the timedependent close-coupling results defining the peak of the cross section and the scaled distorted-wave results at higher L. We employ this extrapolation method to obtain total ionization cross sections for all processes at incident energies of 100, 150, and 200 eV. Total single ionization cross sections, leaving He + in the 1s ground state, are shown in Fig. 4 . The present 3D timedependent calculations are represented as filled squares, frozen-core 2D time-dependent calculations [12] are shown as open squares, and absolute experimental measurements [13] are filled circles with error bars. The 3D results are slightly lower than the frozen-core 2D results, but both calculations are within the error bars of the absolute experimental measurements. Total single ionization cross sections, leaving He + in the 2s excited state, are shown in Fig. 5 . The time-dependent close-coupling results are shown as filled squares, while the hybrid distorted-wave/R-matrix calculations [17] are shown as the solid curve. The time-dependent results are found to rise faster as a function of incident energy than the hybrid results, reaching a maximum difference of about 50% at 200 eV. Total single ionization cross sections, leaving He + in the 2p excited state, are shown in Fig.  6 . The time-dependent close-coupling results are shown as filled squares, and lie between the absolute experimental measurements [18, 19] cross sections are shown in Fig. 7 . The time-dependent close-coupling results are shown as filled squares, hybrid plane-wave/distorted-wave calculations [20] are shown as the dashed and solid curves, and absolute experimental measurements [15] are filled circles with error bars. The timedependent close-coupling results are found to lie within the error bars of the absolute experimental measurements. We note that the hybrid results shown in Fig. 7 that do not include final state correlation effects (dashed curve) are much higher than those calculations (solid curve) that do include final-state correlation effects [20] .
IV. SUMMARY
In conclusion, we find that a nonperturbative lattice solution of the time-dependent Schrödinger equation appears capable of yielding accurate cross sections for Coulomb fourbody breakup. The double ionization cross sections for helium are found to be in excellent agreement with absolute experimental measurements, extending up to incident electron energies of 2.5 times threshold. For higher energies, some uncertainty in the overall accuracy of the present L = 4 and L = 5 partial wave cross sections becomes a limiting factor. Much work remains to be done in extending the present time-dependent close-coupling calculations to those higher energies at which the hybrid distorted-wave/R-matrix methods should become reasonably accurate. Convergence studies as a function of the number of coupled channels and the number of determinantal projection states need to be made for the higher partial waves, in which the lattice size is also varied. In addition, methods developed to calculate energy and angle differential cross sections for three-body Coulomb breakup [8] need to be generalized to four-body Coulomb breakup. The new and rich world of ͑e ,3e͒ four-body Coulomb phenomena awaits exploration by a full nonperturbative quantal theory.
